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Abstract 
We give several new families of graphs that have ~-labelings. We also present some evidence 
to support he conjecture that every bipartite graph G eventually has an a-labeling. 
I. Introduction 
Given a graph G, an injective function f :  V(G) --. N has been called a vertex 
labeling, a valuation, or a vertex numberin 9 of G, by various authors. Rosa called 
such a function f on a graph G with q edges a /~-labeling if f is an injection from 
the vertices of G to the set {0, 1 . . . . .  q} such that the values I f (x)  - f (y ) [  for the 
q pairs of adjacent vertices x, y are distinct. A fl-labeling is now more commonly 
called a graceful labeling. An ~-labeling is a graceful labeling having the additional 
property that there exists an integer )~ so that for each edge xy either f (x )<~2<f(y )  
or f (y )~<2 < f (x )  (i.e., the larger label on the edge is bigger than 2 and the smaller 
label is at most 2). We will call this value 2 the critical value of the ~-labeling. Note 
that a graph with an ~-labeling is necessarily bipartite. We find c~-labelings particularly 
attractive because of the following theorem of Rosa. 
Theorem 1 (Rosa [6]). Let G be a graph with e edges, and suppose that G has an 
a-labeling. Then the complete graph K2pe+l can be decomposed into isomorphic opies 
of G, where p is any positive integer. 
In Section 2 of this paper, we construct ~-labelings for the graphs Dgp = K2 × 
K2 × .. .  1£2 x C4p (where K2 is taken n times) and for the graphs C4em (a cycle C4m 
with a pendant path Pn attached to each of its vertices). This generalizes pecial cases 
of work of Kotzig [5], Bodendiek et al. [1], Frucht and Gallian [4], and Frucht [3]. 
Next, we define a binary operation ~ (called the weak tensor product) on bipartite 
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graphs and prove that if G and H have a-labelings, then so does G ~ H. These results 
considerably enlarge the class of graphs known to have a-labelings. 
Before discussing the results of Section 3 we need the following definitions. 
Definition 1. Let G be a bipartite graph with e edges. We say that G eventually has 
an a-labeling if there exists a graph H with t. e edges (t a positive integer) such that 
H has an a-labeling and can be decomposed into edge disjoint copies of G. We will 
call such a graph H the 'host' graph of G. 
Definition 2. Let G be a bipartite graph that eventually has an a-labeling. Let 
G~ = min{t : there exists a host graph H of G with IE(H)l--t'e}. We call G~ the 
or-labeling number of  G. 
In Section 3 we are concerned with the following conjecture. 
Conjecture 1. If  G is a bipartite graph then G~ < c~. 
In fact, we believe that for any tree T with n edges, T~ ~< n. In Section 3 we show 
that for any tree T with n edges, T~<~2 n-I (this is quite easy). We also show that 
for any even cycle C, C~ ~< 2 and this is best possible. We should mention that not all 
trees have ~-labelings. The 'best' labellings for such trees have recently been studied 
by Rosa and Sir~fi [7]. 
2. Graphs and their ~-labelings 
First, we will construct ~-labelings for the graphs D]p (n-dimensional prisms). 
Remark. Let G be a graph with an a-labeling. Since G may have several ct-labelings 
(e.g. a path Pn, n > 2), we avoid confusion and write G = (H,L ,E)  to indicate the 
sets of vertices with high and low labels (H and L may have sub or superscripts, 
E = E(G)),  and assume that we have chosen some fixed c~-labeling f6  (with critical 
value 26) such that for all h E H, f c (h )  > 2c and that fG(l)<~26 for all l E L. When 
G is understood, we will ignore the subscript, i.e. fG = f (26 = 2). Furthermore, we 
will usually abuse notation and let h E H (l E L) not only designate a vertex in H(L)  
but also its label, i.e. f (h )  = h( f (1 )  = l). 
Theorem 2. For every non-negative integer n there exists an or-labeling o f  D~p. 
Proof. First, we will describe c~-labelings of Do and Dip. Let {v,,v2 . . . . .  Vgp} be the 
vertices of C4p, and assign the value ai (i = 1 . . . . .  4p) to the vertex vi, where ai = 
(i - 1)/2 if i is odd, ai = 4p + 1 - i/2 if i is even and less than or equal to 4p/2, and 
ai = 4p - i/2 if i is even and greater than 4p/2. This gives us a labeled bipartite graph 
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W = (H ,L ,E )  where the vertices in H = {vi: i is even} have been assigned values 
greater than or equal to 2p, and the vertices in L = {vi: i is odd} have been assigned 
values less than or equal to 2p - 1. Note that W is an s-labeling of C4p. 
Now consider D14p = K2 x Cap. Take two copies of W. In one copy increase the 
value of all vertices in H by 8p; call this new labeled graph W'. In the second copy 
of W, increase the value of all vertices by 4p; call this new labeled graph W'.  Note 
that the edges in W' are assigned the values 8p + 1 . . . . .  12p, and the edges in W' are 
assigned the values 1 ....  ,4p. In order to avoid confusion between the vertices of W' 
and W',  we will let Ul,U2 . . . . .  Unp (Ui : 13i) denote the vertices of W', and we will 
let xl ,x2, .  . . . .  ~4p (xi = vi) denote the vertices in W'.  Connect W' and W" according 
to the following rule. For i -- 1 . . . . .  4p, place an edge between xi and ui+l, where all 
arithmetic is done modulo 4p. This gives us an s-labeling of Dip = (H1,L1 ,E)  (see 
Fig. l(a)), because the edges running between the two copies of DO(= C4p) in our 
s-labeling of Dip are assigned the values 4p-I- 1 . . . . .  8p. Furthermore, note that the 
vertices of T = {ui: i even} in W ~ are adjacent only to vertices of S = {xi: i odd} 
in /4/" and that the vertices of R = {ui: i odd} in W t are adjacent only to vertices of 
~_. : {xi: i even} in W". 
To simplify our proof we will make use of the following notation and observations. 
For n~>0, let qn = IE(O~p)[ = 2"+lp(n + 2) and define q-1 = 0. Let r, = q, - 
q,-1. Thus, r0 - -4p ,  and rn - -2"p(n + 3) where n~>l. Let m0 - -2p  and let m, -- 
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Fig. 1. Continued 
2 , ~"~n- - I  P~- 2-.~i=o ri = 2p+qn-I where n~> 1. Note that rn > qn--1 and that rn > mn - 1 when 
n/> 1. Let I~,I~ and I ;  represent the integers in the intervals [1,2np(n + 1)], [2np(n + 
1) + 1,2np(n + 3)], [2np(n + 3) + 1,2n+lp(n + 2)], respectively. 
Now suppose we have an c~-labeling of D]p= (Hn,Ln,E) with the following prop- 
erties: (i) all vertices in H n have been assigned values greater than or equal to mn, 
(ii) all vertices in L n have been assigned values less than mn, and (iii) D~p consists 
of two isomorphic opies of DIp I (call them W1 and W2) such that the edges con- 
necting W1 and W2 have been assigned the values in I~'. To obtain an a-labeling of 
D,+l = (H,+I,Ln+I,E) with the same properties, we proceed as follows. Take two 4p 
copies of D~p = (H",L",E) with the above c~-labeling. In one copy, add r,+l to all 
the vertices in H ", and call this new labeled graph W*; the edges in W* have been 
assigned the values in i;+1. In the second copy, add rn to all the vertices, and call this 
new labeled graph W**; the edges in W** have been assigned the values in i~+l. We 
will now show how to connect W* with W** and get an a-labeling -~ r~n+l u, U4p . We will 
make use of the plane of symmetry between W1 and W2 in D~p. Let W* be the labeled 
graph in W* obtained from Wl. Define W*, W**, W2** similarly (see Fig. l(b)). We 
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will place the four graphs W1*, Wff*, W**, W2* in a cycle and join them together to get 
n-- I  ~4pr~n+l = C4 x D4p . Place edges between vertices of WI* and W2** in exactly the same 
manner as they appear between W 1 and W2 in D~p. Similarly, let W~** and W2* also be 
connected in the same manner as  W 1 and W2 are in D~p. Thus, the labeled subgraph 
induced by Wl* and W2** is isomorphic to the graph obtained from our e-labeling of 
D]p by adding rn+l to the vertices of H n in W1 and by adding r, to the vertices of/412. 
Similarly, the labeled subgraph induced by W** and W2* is isomorphic to the graph 
obtained from our a-labeling of D]p= (Hn,Ln,E) by adding rn+l to the vertices of 
H" in W2 and by adding rn to the vertices of W1. With the above additional edges 
r~,+l Indeed, F In+l  between W* and W** we now have a graph isomorphic to ~4p • ~4p can 
r~n+l = (H,+l,Ln+l,E) where the vertices in H "+1 have been assigned be written as ~4p 
values greater than or equal to m,+l, and the vertices in L n+l have been assigned 
values less than m,+l. Thus, properties (i) and (ii) are satisfied (see Fig. l(c)). 
The edges running between W* and W2** (with vertex in H n+l contained in W*) 
and the edges running between WI** and W2* (with the vertex in H n+l contained in 
W2*) are assigned the labels 2n+lp(n + 3)+ 1 .. . . .  2~+lp(n + 4). Similarly, the edges 
between WI* and W2** (with the vertex in H n+l contained in W2** ) and the edges 
between Wa** and W2* (with the vertex in H "+l contained in /411"*) are assigned the 
labels 2n+lp(n + 2)+1 .... ,2 n+l p(n + 3). Together these sets of labels give us 1~ +l, thus 
property (iii) is satisfied. 
F in+l  We have shown that all edges in ~4p have been assigned a distinct value between 
1 and 2n+Zp(n + 3). Thus, all that remains is to show that each vertex is assigned a 
distinct value. This follows from the fact that r, is greater than qn-I and m,-1. In 
particular, the intervals in which the new labels are placed are disjoint. [] 
Let Cm Po designate the graph formed by adding a pendant path Pn to each vertex of 
the cycle Cm (see Fig. 2(a)). We will show next that all graphs of the form c4P;, have 
e-labelings. This generalizes a special case of Frucht's work; Frucht [3] showed that 
all graphs of the form Cm P2, which he called crowns, are graceful. 
Theorem 3. All graphs of the form CPam have e-labelings. 
Proofi Note that if we remove a 1-factor from the cycle C4m in C4PTn we are left with 
2m copies of P2n (see Fig. (2a)). Consider the following a-labeling iven to P2n listed 
below. Call this new labeled graph P. 
0 2n-  1 1 2n-  2 n -  1 n 
• - -0 -0  • . . . . .  • 
This labeling partitions the vertices of P = (H,L,E) into two sets H and L, where 
the vertices in H have been assigned the labels n, n + 1, n + 2 .. . . .  2n -  1 and the vertices 
in L have been assigned the labels 0, 1 . . . . .  n - 1. We will now describe a procedure 
for labeling 2m copies of Pzn, using each of the numbers 0, 1,2 . . . . .  3ran - 1, 
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3mn + I . . . . .  4mn exactly once. For 1 <~i<~m, let P(i) be the labeled path obtained 
from P by adding (2m-i)n to the label of  each vertex in L and by adding (2m+(i-2))n 
to the label of each vertex in H. For m < i<~2m, let P(i) be the labeled graph 
obtained from P by adding (2m - i)n to the label of  each vertex in L and by adding 
(2m + (i - 2))n + 1 to the label of each vertex in H. We see that, for 1 ~i<~m, the 
edges in P(i) have been assigned the values I + (2i - 2)n,2 + (2i - 2)n .. . .  ,2n - 
1 4- (2i - 2)n and for m < i<~2m the edges in P(i) have been assigned the values 
2 + (2i - 2)n,3 + (2i - 2)n . . . . .  2n + (2i - 2)n. Hence the labels assigned to the edges 
of the P(1) ,P(2)  . . . . .  P(2m) are all distinct (see Fig. 3(b)). Note that each P(i) is a 
path of  odd length. We will use the middle edges of  these paths to form a 1-factor of  
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our cycle C4m in CaP~,. We will now describe how to join together the P( i ) 's  to give 
an a-labeling of C4Pm . There are two cases. 
Case (i): n is odd. For 1 ~<i < m, join the vertex labeled (n - 1)/2 + (2m - i)n 
in P(i) to the vertex labeled (n -  1 ) /2+n+(2m+( i -2 ) )n  in P( i+ 1). For m<~i < 2m, 
join the vertex labeled (n -  1)/2 ÷ (2m-  i)n in P(i) to the vertex labeled (n -  1)/2 ÷ 
n + (2m + (i - 2))n + 1 in P(i + 1). Finally, join the vertex labeled (n - 1)/2 in 
P(2m) to the vertex labeled (n - 1)/2 + 2mn in P(1). The edges joining the P( i ) 's  
have been assigned the labels 2n,4n,6n . . . . .  (2m - 2)n,2mn + 1,2mn ÷ 2n ÷ 1,2mn ÷ 
4n + 1 . . . . .  2mn + (2m - 2)n + 1, and 2ran. These labels are distinct from those assigned 
to the P( i) 's ,  whence C4em (n odd) has an c~-labeling (see Fig. 2(c)). 
Case (ii): n even. For 1 <~i<~m, join the vertex labeled n/2 + n + (2m + (i - 2))n 
in P(i) to the vertex labeled n/2 + (2m - (i + 1))n in P(i + 1). For m < i < 2m, 
join the vertex labeled n/2 + n + (2m + (i - 2))n + 1 in P(i) to the vertex labeled 
n/2+(2m-( i+ l ) )n  in P ( i+ I ) .  Finally, join the vertex labeled n/2+4mn-n+l  in P(2m) 
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to the vertex labeled n/2 + 2mn - n in P(1). The edges joining the P( i ) 's  have been 
assigned the labels 2n, 4n . . . . .  2mn, 2mn + 2n + 1, 2mn + 4n + 1 . . . . .  2mn + ( 2m - 2 )n + 1, 
and 2mn + 1. As before, these labels are distinct from those assigned to the P( i ) 's  
whence C~Pm (n even) has an a-labeling. [] 
Given two bipartite graphs G1 = (H1,Li ,E)  and G2 = (H2,L2,E), we define their 
weak tensor product G1 ~G2 to be the following bipartite graph: V(Gi ~G2) - -  
(H1 × H2, Li × L2) with (hi,h2)(l i ,  12) E E(G1 ~ G2) if and only if hill E E(G1 ) and 
h212 E E(G2) (see Fig. 3). With this definition in mind we can now prove the following 
theorem. 
Theorem 4. I f  G1 = (HI,L1,E) and G2 = (H2,L2,E) have a-labelinos, then so does 
GI ~G2. 
Proof. Let el = [E(G1)[ and let e2 = [E(G2)[. Let f l  and f2 be a-labelings for G1 
and G2, respectively. Let 21 and 22 be their respective critical values. Throughout his 
proof, whenever we make a reference to an a-labeling for Gi, we will assume we 
are referring to J]. We will also assume that f i(hi) > 2i for all hi in Hi (i = 1,2). 
Furthermore, we will abuse notation and designate vertices by their labels. Keeping 
this in mind, we claim that the following function f '  is an a-labeling of G1 ~ G2. 
For (hi,h2) E H1 × 112 let f l ( (h l ,h2) )  = elh2 - (el - hi) and for (/1,/2) C L1 × L2 
let f t ( ( l l ,12))  = ell2 + Ii. Clearly, f t  is a function from V(G1 ~G2)  into the set 
{0,1 . . . . .  ele2}. I f  (hi,h2) E 1-11 × 1-12, then f t ( (h l ,h2))  > e122 + 21. Similarly, for 
any (11,/2) E L1 × L2, we have ft((11,12))<~e122 + 21. We will show that f t  is 
injective. Suppose that f t ( (h i ,h2) )= f~((h],hl)  . Then eih2 + hi = elh~ + h' l, so 
el(h2 - hi) = htl - hi model which implies h~ = h~. Hence also hE = h i. The case 
f t ( ( l l ,  12)) = f '(( lt l ,  l i ) )  is handled similarly, proving that f~ is injective. 
It remains to show that the edges of Gl ~ G2 are assigned distinct values. Suppose 
that two edges (hl ,h2)( l i , /2) and (h~,hl)(l ~, l i)  are assigned the same value, i.e. sup- 
pose that el(h2 - 12) - el + hi - l~ = el(h~2 - l~z) - el + hti - l' I. Then as before, we 
have hi - ll = htl - l' 1 model and this implies that hi - li = h~ - l~. Thus hi = h~ 
and li = l], since f l  is an a-labeling of G1, whence h2 = h i and 12 = l~. This tells 
us that the edges of G1 ~ G2 are assigned distinct values under the labeling f t .  [] 
3. ~-labelings (eventually) 
Given any tree T with n edges, Fink [2] has shown that the n-cube Qn(Qn = 
K2 x K× × "'" ×/£2 taken n times) can be decomposed into 2 n-1 edge-disjoint copies 
of T. Combining this with Theorem 2, we see that T~ ~< 2n-1. Theorem 2 also tells us 
that if C is an even cycle and C =- Cap then Ca = 1 (i.e. C has an a-labeling [6]). 
Therefore, when proving Conjecture 1 for even cycles we need only concern ourselves 
with cycles of the form C -=- C4k+2. 
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Observation 1. Let G = (X, Y) be a bipartite graph with e edges and consider the 
graph tG consisting of t disjoint copies of G. Suppose there exists a labeling function 
h: V(tG) ~ (0, 1,2 . . . . .  te} such that: (i) the labels assigned to the vertices in of any 
single copy of G (in tG) are distinct, (ii) if (x, y)  E E(tG) then the value Ih(x)-h(y)l 
is assigned to the edge (x, y) and to no other edge in E(tG), and (iii) there exists some 
real number 2h such that if Gi = (~', Yi) (Gi ~ G) is some copy of G in tG then 
max{h(x): x E X,}~<2h < min{(h(y):  y E Y/} or else min{h(x): x E X/} > 2h~> 
max{h(y): Y E Y/}. Let S = {x: x E V(tG) and h(x)~<2h} and let T = {y: y E V(tG) 
and h(y)  > )th}. Clearly, S and T are independent sets. Now we can take our 
above labeled version of tG and create a new graph H by identifying vertices (from 
different copies of G) with the same label. By our above remarks we see that H is a 
bipartite graph (H = (S ~, T~)), IE(H)I = t • e, and that H has an a-labeling. Clearly, 
H is a host graph of G. 
Theorem 5. I f  C =- C4k+2 then C~ = 2. 
Proof. Let C = Ca,+2 (k>~ 1). It is well-known that C is not graceful (see [6]), hence 
C~>2. We will show that C~ = 2. Take two copies of C4k+2 (call them C1,C2), let 
C1 = xoxlx2...xak+lX0 and let C2 = YoYtY2... Yak+lY0. 
In C1 label xo,x2,x4 . . . . .  x4k with the integers 0, 1,2 . . . . .  2k, respectively, and in C2 
label Yo, Y2,Y4 . . . . .  Y2k--4, Y2k-2, Y2k,Y2k+2 . . . .  ,Y4k-a, Yak-2, Y4k with the integers 
0, 1,2 . . . . .  k - 2, k - 1, k + 2, k + 3 . . . . .  2k, 2k + 1,2k + 2, respectively (note here we 
skip the integers k and k + 1). Next in C1 label xl,x3,x5 .... ,x4k-3,x4k-l,xak+l with 
the integers 8k + 4, 8k + 3, 8k + 2 . . . . .  6k + 6, 6k + 5, 4k + 4, respectively. In C2 label 
yJ,y3,y5 . . . . .  y4k+l with the integers 4k + 3,4k + 2,4k, . . . .  2k + 3 (see Fig. 4). 
Now the edges (xo, xl ), (xl, x2 ), (x2, x3 ) . . . .  , (xak- 1, Xak ), (X4k, X4k+ 1 ), (X4k+I,)C0) in C 1 
will be assigned the values 8k + 4, 8k + 3, 8k + 2 . . . . .  4k ÷ 5, 2k + 4, 4k + 4, respectively. 
The edges (Y0, y l ), (YI, Y2 ), (Y2, Y3 ) . . . . .  (Y2k-4, Y2k-3 ), (Y2k-3, Y2k-2 ), (Y2k-2, Y2k- 1 ), 
(Y2k-  1, Y2k), (Y2k, Y2k+l ), (Y2k+l, Y2k+2 ) . . . . .  (Y4k--2, Y4k- 1 ), (Yak--1, Y4k), (Yak, Y4k+l ), 
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(Y4k+1,Y0) in C2 will be assigned the values 4k + 3,4k ÷ 2,4k + 1 . . . . .  2k ÷ 7,2k + 6, 
2k+5,2k+2,2k + 1,2k, . . . .  3,2, 1,2k + 3, respectively. 
Let S -- {x0,x2 . . . . .  x4k} tA {Y0,Y2 . . . . .  Yak} and let T -- {Xl,X3 . . . . .  Xak+l} tA 
{Yl,y3 . . . . .  y4k+l}. It is easy to see that all the vertices in S are assigned values 
less than or equal to 2k ÷ 2 and that all the vertices in T are assigned values greater 
than 2k + 2. By Observation 1 above we are done. [] 
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